FINITE ENTROPY CHARACTERIZES TOPOLOGICAL 
RIGIDITY ON CONNECTED GROUPS 



SIDDHARTHA BHATTACHARYA AND THOMAS WARD 



Abstract. Let Xi, X2 be mixing connected algebraic dynamical 
systems with the Descending Chain Condition. We show that ev- 
ery equi variant continuous map Xi — > X2 is affine (that is, X2 is 
topologically rigid) if and only if the system X2 has finite topolog- 
ical entropy. 



1. Introduction 

An algebraic l/-action a on a compact abelian group X is a homo- 
morphism a : n 1-^ Q;(n) from 7/ to the group Aut(X) of continuous 
automorphisms of X. Compact groups are assumed to be metrizable 
throughout and are written multiphcatively; e is used to denote the 
identity element of any group. Write X = (X, a) for such an algebraic 
dynamical system, and call the system X connected, mixing and so on 
if X is connected, a is mixing, and so on. 

Any algebraic system X preserves \xi the Haar measure on X. The 
system X is mixing if 

lim Ax(A n a(n)(A2)) = \x{Ai) ■ XxiAi) 

n^oo 

for all measurable sets Ai,A2 C X. 

A map : Xi — > X2 between algebraic dynamical systems is equi- 
variant if o ai(n) = 02 (n) o for all n G Z'^, and is affine if there is a 
continuous group homomorphism ip : Xi ^ X2 and an element y G X2 
with = ip{x) ■ y. 

Topological (respectively, measurable) rigidity is a property of the 
target system X2 that forces an equivariant continuous (resp. measur- 
able) map to coincide everywhere (resp. almost everywhere) with an 
affine map. 

For d > 1, denote by Rd = . . . , u^^] the ring of Laurent poly- 

nomials with integral coefficients in d commuting variables ui, . . . ,Ud- 
An element / of Rd is written 
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with u" = <i ■ ■ ■ u"/, /„ e Z for all n = (ni, . . . , n^) G Z*^, and /„ = 
for all but finitely many n e Z*^. 

If X = [X, a) is an algebraic Z'^-action on a compact abelian group 
X, then the countable dual group M = X is a module over the ring 
Rd under the operation 



for f ^ Rd and a G M. The module M is called the dual module of 
X. Conversely, a countable module M over R^ determines an algebraic 
Z'^-action Xm = {Xm.oim) by setting 



for every n G Z'^ and a G M. 

An algebraic Z'^-action X is Noetherian if the dual module is Noe- 
therian. The following properties are equivalent. 

• Xm is Noetherian. 

• M is finitely-generated over Rd (this is equivalent to M being 
Noetherian since Rd is itself Noetherian). 

• Any descending chain of closed ajv/-invariant subgroups of Xm 
stabilizes (the Descending Chain Condition; see llj). 

The topological entropy of the system X^ is defined and computed 
in terms of the module M in ^Tj. 

Rigidity properties of algebraic Z'^-actions have been studied by 
several authors. Measurable equivariant maps between mixing zero- 
entropy algebraic Z'^-actions exhibit strong regularity properties (see [S] , 
[Sj, [Hj and JUj). For a Z-action generated by an automorphism ^ on a 
connected finite-dimensional compact abelian group, it is known that 
the topological centralizer of the action admits non-affine maps if and 
only if 9 is not ergodic (cf. P, [2j and [lEl)- Ergodic automorphisms 
of infinite-dimensional groups may have non-affine maps in their cen- 
tralizers (see Example II. 3|) . In |3] it is shown that for any expansive 
connected algebraic Z'^-action X, the topological centralizer of a con- 
sists of affine maps (expansiveness is a condition that implies the De- 
scending Chain Condition; for d = 1 it forces the compact group X to 
be finite-dimensional). 

In this note we prove the following result, which characterizes a form 
of topological rigidity in terms of topological entropy. 

Theorem 1.1. Let Xi, X2 be connected mixing Noetherian algebraic 
Tj'^- actions. Then the following properties are equivalent. 

(1) Every equivariant continuous map Xi —>■ X2 is an affine map. 

(2) The system X2 has finite topological entropy. 

For d > 2, this result applies to situations where the underlying 
group X2 is infinite-dimensional, so the lifting techniques of [T] and 




a^/(n)(a) 



TOPOLOGICAL RIGIDITY ON CONNECTED GROUPS 



3 



cannot be applied directly. Write T C C for the multiplicative unit 
circle. 

Example 1.2. To illustrate Theorem 11.11 consider the Z^-action X 
where X C T^^ is the closed subgroup consisting of all x G T^^ with 

x{m + l,n) ■ x{m, n) ■ x{m, n + 1) = 1 for all m, n G Z, 

and a is the shift action of on X. The system X is mixing and has 
finite entropy. It follows that every continuous equivariant map from 
X to itself is an affine map. In contrast, the measurable centraliser of 
X contains many non-affine maps, since X is measurably isomorphic to 
a Z2 BernouUi shift (see P], [HI). 

Example 1.3. For the case of a single automorphism, the compact 
group being finite-dimensional forces the entropy to be finite. Er- 
godic automorphisms of infinite-dimensional groups are not topolog- 
ically rigid in general. 

For example, the shift automorphism of X = defines an ergodic 
Z-action of infinite entropy that is not topologically rigid: if / : T — > T 
is any map, then the shift map commutes with the map (p : X X 
defined by = f{xk)- The module corresponding to this action 

is a Noetherian i?i-module. 

On the other hand, an ergodic automorphism of that splits into a 
direct product of automorphisms of finite-dimensional tori is topologi- 
cally rigid. The module corresponding to this action is not Noetherian. 
It is not know whether such an action can have finite topological en- 
tropy (see il2i|). 

The next example again shows that Theorem II. II does not hold for 
non-Noetherian actions. 

Example 1.4. Let Fd denote the field of fractions of Rd, considered as 
a i?rf-module. Let Xi denote the algebraic Z'^-action corresponding to 
Fd- Notice that Fd is torsion- free as a i^^-module, and Xi has infinite 
entropy. For any n G Z'', multiplication by u" — 1 is an automor- 
phism of Fd- By duality, the map x ^— ai(n)(x) X IS db continuous 
automorphism of Xi for any n G Z'^. In particular, Xi does not have 
any non-trivial periodic orbits. Now let X2 be any mixing connected 
algebraic Z'^-action with a dense set of periodic orbits (any Noether- 
ian system has this property). Since continuous equivariant maps take 
periodic orbits to periodic orbits, it follows that any continuous equi- 
variant map from X2 to Xi is trivial. 

Example 11.41 is similar in spirit to a remark of Comfort (see 0): 
there are no non-trivial homomorphisms T ^ Q since torsion elements 
are dense in T but absent in Q. 
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2. Algebraic Z'^- 



ACTIONS 



In this section basic results and terminology on algebraic Z -actions 
is collected. A prime ideal p C -R^ is associated with the i?rf-module M 
if there exists m & M with p = {/ G -R^ | / ■ m = 0}. The set of prime 
ideals associated with M is denoted Asc(M). If M is Noetherian, then 
Asc(M) is finite. The torsion submodule of M is defined by 

Tor(M) = {m G M | r ■ m = for some non-zero r G Rd}- 

A module M is said to be a torsion module if Tor(M) = M. 

The following result taken from j21 Theorem 6.5] characterizes mix- 
ing in algebraic terms. 

Lemma 2.1. The algebraic 7/ -action Xm is mixing if and only if for 
every p G Asc(M) and for every non-zero n G Z'^, the polynomial — 1 
does not lie in p. 

An algebraic Z'^-action X2 is an algebraic factor of Xi if there is a 
surjective continuous equivariant homomorphism : Xi — X2. 

The next lemma shows that if the module corresponding to an al- 
gebraic Z'^-action is Noetherian, then infinite topological entropy can 
only be created by the presence of (a factor of) a full shift with infinite 
alphabet. 

Lemma 2.2. For a Noetherian system Xm the following conditions are 
equivalent. 

(1) Xm does not admit a non-trivial closed a m -invariant subgroup 
H with the property that the restriction of um to H is an alge- 
braic factor of the shift action of 7/ on (T")^ for some n > 0. 

(2) M is a torsion module. 

(3) Xm has finite topological entropy. 

Proof. (1) =^ (2). Suppose that M is not a torsion module and 
N = M/ Tor(M). Then is a non-zero torsion-free i^^-module. 

We claim that is isomorphic to a submodule of the free module 
R2 of rank n for some n > 1. Let Nq denote the localisation of N at 
the prime ideal {0}. Since N is Noetherian, Nq is a finite-dimensional 
vector space over F = Z(uf^, . . . ,u^^), the quotient field of Rd. Let 
B = {bi, . . . , bn} be any F-basis of Nq. The map m 1— m/1 embeds 

as a submodule of Nq. Choose a finite i^^-generating set A of N, 
and an element p & Rd with the property that p ■ a lies in the Rd- 
submodule generated by B for all a E A. The submodule generated by 
{bi/p, . . . , bn/p} contains A^, and is a free -R^-module of rank n. This 
proves the claim. 

The system Xat is therefore an algebraic factor of the shift action on 
(T")^ . Since A^ is a quotient of M, by duality there exists a closed 
a-invariant subgroup H <Z X such that the restriction of a to is 
conjugate toXjq. 
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(2) =^ (1). Let if C X be a closed a-invariant subgroup such that 
the restriction of a to if is an algebraic factor of the shift action on 
(T")^ for some n > 0. The dual module of the shift action on (T*^)^ 
is isomorphic to the direct sum of n copies of Rd, which implies that H 
is a torsion-free i?d-module. On the other hand, ii is a quotient of the 
i?d-module M, which is a torsion module by assumption (2). Hence 
H = {0} so H is trivial. 

(2) =^ (3). Let {mi, . . . ,mfc} generate M as an i^^-module. For 
j = 1, . . . , /c let ij C i?rf denote the ideal defined by 

Ij = {p e Rd \ p ■ rrij = 0}. 

Since M is a torsion module, each Ij is non-zero. For j = 1, . . . , A; let 
Mj denote the i^^-module Rd/Ij- Since each Ij is non-zero, has 
finite entropy by [TTj Theorem 3.1]. Let 

M' = Ml © • ■ ■ © Mfc. 

Since each Xmj has finite entropy, Xm' also has finite entropy. The map 
(ri, . . . , Tfc) I— > rimi + ■ ■ ■ + r^mfc expresses M as a quotient of M'. The 
dual of this map embeds Xm as a sub-action of Xm', so in particular 
Xm has finite entropy. 

(3) => (2). If M is not a torsion module, then it contains Rd as 
a submodule. By duality, the shift action of Z"^ on T^'' is therefore an 
algebraic factor of Xm- Since the former action has infinite entropy, 
Xm has infinite topological entropy. □ 

3. VAN KAMPEN'S THEOREM 

In the proof of Theorem 11.11 the following structure theorem of van 
Kampen PH] will be used in place of the lifting of toral maps. This 
result splits continuous maps into a 'linear' part (a character) and a 
'non-linear' part in a unique way. It is also used in this connection 
by Walters JHl- We include a short proof for the convenience of the 
reader. 

Theorem 3.1. Let X be a compact connected ahelian group and let 
f : X T be a continuous map with /(e) = 1. Then there exist a 
character cj) E X and a continuous map S{f) : X —>-M. such that 

S{f) (e) = 0, fix) = 0(x) ■ e2"*^(^)(^) for all x e X. (1) 

Moreover, cj) and S{f) are uniquely defined by (|T|). 

Proof. Write exp(t) = e^'^**. We first prove that (Q) determines (f) and 
S{f) uniquely. Suppose that 

/ = 01 ■ (exp ohi) = 02 ■ (exp 0/12). 
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Then (p • (expo/;,) = 1, where = 0i — 02 and h — hi — h2- Define 
p:XxX^Rhy 

p{x, y) = h{x + y)- h{x) - h{y). 

Since and cxp arc homomorphisms and cxp oh = 0, it follows that 
exp op is trivial, so the image of p is contained in Z. Since X is con- 
nected, this implies that p is identically zero, so /i is a continuous ho- 
momorphism from X to M. This forces h to be identically zero (since 
M has no non-trivial compact subgroups), so hi = /?.2 and 0i = 02- 

Turning to the existence of and S{f), we first consider two special 
cases. 

(1) If X = for some n, then let 7ri(/) : Z" ^ Z be the in- 
duced map between fundamental groups. Choose e X with 

the property that TTi{f) = 7ri(0). Since the map / ■ is null- 
homotopic and exp : M ^ T is a covering map, there exists 
a unique continuous map /i : X — > M such that h{e) = and 
f ■ (f) — exp oh. 

(2) If f{X) C V = cxp(— 1/4, 1/4) then, since the restriction of exp 
to (—1/4, 1/4) is one-to-one, there exists a unique map 

p:^^ (-1/4,1/4) 

such that exp op is the identity on V. Thus / = exp op o f. 

To prove the general case, choose a translation-invariant metric p on 
X. Since / is uniformly continuous, there exists S > such that 

p(x,y) <5 ^ f{x)Ji^eV. 

For any finite set ^4 C X, let 

X(A) ^{xeX\ 0(x) = 1 for all e A}. 

Then X{A) is a closed subgroup of X since it is a finite intersection of 
kernels of characters. Moreover, the family of sets 

{X{A)\AcX is finite} 

has the finite intersection property, and their intersection is {e} since 

the character group separates points. 

Let Y G X denote the open subset defined by 

Y^{xeX \ p{e,x) < S/2}. 

Since = X\Y is compact, there exists a finite set B <Z X such that 
X{B) C Y. For any xeX, let 

A, = {f{xz) I z G X{B)} C T. 

Since the diameter of A^ is strictly less than 1/2, there exists a unique 
closed ball of minimal radius, B^ C T, that contains A^. Let r{x) be 
the center of B^. The map x ^ r{x) is well-defined, continuous, and 
invariant under translations by elements of X{B). Since X is compact 
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and connected, X is torsion-free. On the other hand, the annihilator 
X{B)-^ is finitely-generated, so X/X{B) is isomorphic to a torus. It 
follows that r = (f) ■ (exp op) for some G X and some p : X — M with 
p{e) = 0. Since / ■ f{X) G V, f -f = exp oq for some g : X — > M with 
g(e) = 0. Now / = r ■ (/ ■ r) = ■ (exp o(p + q)). □ 

4. Rigidity of equivariant maps 

For any algebraic Z'^-action X = (X, a) and for any locally compact 
abelian group A, denote by A-^ the group of all continuous maps 

h: X A, h{e) = e, 

equipped with point-wise multiplication. The action a induces the 
structure of an i^^-module on A^ by defining 

p ■ h{x) = p(n) ■ h o a{n){x). 

A key observation is that X can be regarded as a submodule of T"^ 
with this structure. 

Proposition 4.1. Let X = (X, a) be a connected l/-action. Then Mp^ 
andT^/X are isomorphic as Rd-modules. 

Proof. The correspondence / t-^ S{f) from Theorem IH.ll induces a 
map 5* from T"^ to M^. If /i,/2 are elements of T"^ then, by the 
uniqueness part of Theorem 13.11 S{fif2) = S{fi) — S{f2) so S is a 
group homomorphism. Similarly, if 6' is a continuous endomorphism of 
G, then S{f o 6) = S{f) o 6. Hence 5 : is an i?d-module 

homomorphism. For any / in M^, S'(e^'^*-^) = /, so the map S is 
surjective. Since ker(S') = X, the statement follows. □ 

If / and g are functions from 7/- to C and g has finite support, the 
convolution / * (7 : Z"^ — > C is given by 

/*^(i) = 5^/(i-j)-<7(j). 

Write L'^{7/) for the set of all square- integrable functions 7/ ^ <C 
(with respect to the counting measure on 7/). 

In addition to van Kampen's theorem, a simple version of the 
zero-divisor problem is needed (see ^\ for an overview). 

Proposition 4.2. If f G L^(Z'^) has f * g = for some non-zero 
function g : Z'^ ^ C with finite support, then f is identically zero. 

Proof. Since the support of g is finite, there exists n G Z'^ such that the 
support of g*5n is contained in N'^. Replacing g by g*5n if necessary, we 
may assume that the support of g is contained in N''. Let f,'gE L'^(T^) 
denote the Fourier transforms of / and g respectively. By the choice of 
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g,g = p\fd for some non-zero polynomial p(z) e 'C[zi, . . . , ^^j. Define 

V{p) C T'^ by 

V{p) = {x e T*^ I p{x) = 0}. 

We claim that Xd{V{p)) — for any non-zero p, where is Haar 
measure on T^. This may be proved by induction on d. If = 1, then 
V{p) C T is finite since every non-zero polynomial has only finitely 
many roots. If c? > 1, choose polynomials po, . . . ,pk in C[zi, . . . , Zd-i] 
such that 

k 

p{Zi, ...,Zd) = ^Pi{Zi, 

1=0 

Since p is non-zero, pi is non-zero for some i. By the inductive hypoth- 
esis, Xd-i{V{pi)) — 0. If {zi, . . . , Zd-i) lies in T'^~^\V{pi), then the map 
z 1-^ p{zi, . . . , Zd-i - z) is a non-zero polynomial in C[z]. This implies 
that for any {zi, .... Zd-i) G T'^~^\V (pi) , the set 

{zeT\{zi,...,Zd-i,z)eV{p)} 

is finite. By Fubini's theorem, 

UV{p)) = / / Ivip)dX,dXd-i = 0, 

where I is the indicator function, which proves the claim. Since 'g = p\jd 

and f ■'g = f * g = 0, it follows that / = almost everywhere, so 
/ = 0. □ 

Lemma 4.3. IfX= {X,a) is a mixing connected algebraic 1/ -action, 
then Tor(T^) C X. 

Proof. Let M denote the set of all squarc-integrable functions 

h:X^C, h{e) = 0. 

Defining 

p-M0) = E^'WM0°«(i)) 

for p E Rd gives M the structure of an i^^-module. 

We claim first that M is torsion- free. Let h be an element of Tor(M); 
for any non-trivial x G X define a function /i^ : Z'' — > C by 

^x(i) =^(x°a;(i))■ 
Since a is mixing, the map i i— > x o a{i) is one-to-one. Hence 

This shows that e L'^{Z'^) for all x e ^- Note that L^{Z'^) itself is an 
it!(i-module with respect to the multiplication p- /i = p*h. Furthermore, 
the map /i i— > /i^ is an i^^-module homomorphism from M to L'^il/'). 
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Since Tor(L^(Z'^)) = {0} by Proposition 14.21 we conclude that = 
for all X; so = 0. This proves that M is torsion-free. 

For / in M^, let / G M denote the Fourier transform of /. Since 
/ o ^(0) = f[(f)o6) for any continuous endomorphism 6' of X, the 
map / 1-^ / is an i^j^-module homomorphism from M.^ to M. By the 
Fourier inversion theorem this map is injective. Since Tor(M) = {0}, 
this implies that Tor(]R^) = {0}. Proposition 14.11 then shows that 
Tor(T^) CX. □ 

We are now ready to prove Theorem 11.11 

Proof. Suppose that X2 has finite entropy, and let / be an equivariant 
continuous map Xi ^ X2. Define fo : Xi ^ X2 by 

/o(x) = /(x)-/(e). (2) 

Since / is equivariant, so is /q. 

Fix an arbitrary character (p G X2. By Lemma 12.21 X2 is a torsion 
module, so (p lies in the torsion submodule of T^^ . Since /o is equivari- 
ant and /o(e) = 1, the map /i i-^ /i o /q is an i^^^-module homomorphism 
_^ -jpXi _ fjgnce o /o is an element of the torsion submodule of 
T'''-^ By Lemma 14.31 (p o fo lies in Xi. Since the initial choice of (p 
was arbitrary, this shows that 1— >■ o /q is a group homomorphism 
from X2 to Xi. By duality, there exists a continuous homomorphism 
6 : Xi ^ X2 such that cp o = cp o 9 for all (p G X2. Since characters 
separate points, this implies that /o = 6. Hence / = /(e) + /o is an 
affine map. 

If X2 has infinite entropy, then by Lemma 12.21 there exists a non- 
trivial closed a2-invariant subgroup H C X2 with the property that the 
restriction of 02 to H is an algebraic factor of the shift action on (T")^ 
for some n > 0. Let K C (T")^ be a proper, closed shift-invariant 
subgroup such that the restriction of 0^2 to H is algebraically conjugate 
to the shift action of on (T")^ /K. Since any non-afhne equivariant 
map from Xi to H gives rise to a non- affine equivariant map Xi ^ X2, 
without loss of generality we may assume that X2 = (T")^ /K, and 02 
is the shift action. 

For any continuous map g : Xi — » M" define a map 

a{q) : Xi ^ (T")^' 

by 

(7{q){x){n) = exp oq o ai(n)(x). 
Let 71 : (T")^"* (T^)'^'' / K denote the projection map. For any 



q:Xi^ M", 
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IT o a{q) is a continuous equivariant map from Xi to X2. We claim that 
there exists a non-zero continuous equivariant map from Xi to X2 of 
the form ir o a{q) for some continuous map g : Xi — > M" with q{e) = 0. 
For any finite set F C Z'', let Up denote the projection map 

Since is a proper closed subgroup of (T")^'', there exists a finite set 
F C Z'^, and a point x G (T")^, such that x does not lie in the image 
of Up- Since Xi is mixing, for any i 7^ j G Z"', the kernel of ai{i) — tti(j) 
is a proper closed subgroup of Xi. In particular, there exists y E Xi 
such that y e, and 

7^ for any i, j G F. 

Choose z G (M")^ such that exp(z(i)) = x(i) for all i G F. Let 

q:Xi^ M" 

be any continuous map with g(e) = and q o ai{i){y) = z(i) for all 
i G -F. Since vr o a{q){y) does not lie in K, this proves the claim. 

Now let g : Xi — i> M" be any continuous map such that q{e) = 0, and 
7T o cr(g) : Xi — i> X2 is a non-zero map. For any t G [0, 1], define maps 
qt : Xi and hf : Xi ^ X2 by qt{x) = tq{x), ht{x) = tt o (j{qt). 

For any t G [0, 1], /i^ is a continuous equivariant map from Xi to X2, 
and ht{e) = e. We claim that ht is non-affine for some t G (0, 1]. 

Suppose this is not the case. Then for each t G [0, 1], /i^ is a con- 
tinuous homomorphism from Xi to X2. Let Y denote the set of all 
continuous maps from Xi to X2. Choose any metric p on X2 that gives 
the topology, and define a metric po on Y by 

Poih, = sup{p(/ii(x), h2{x)) I X G Xi}. 

The map t ht is continuous with respect to po and the set of all 
continuous homomorphisms from Xi to X2 forms a discrete subset of 
Y. Hence t ht is constant, which contradicts the fact that ho = 
and hi ^ 0. This proves that some ht is not an affine map. Since 
ht is a continuous equivariant map from Xi to X2 for any t G [0,1], 
Theorem 11.11 follows. □ 

References 

1. R. L. Adler and R. Palais, Homeomorphic conjugacy of automorphisms on the 
torus, Proc. Amer. Math. Soc. 16 (1965), 1222-1225. 

2. D. Z. Arov, Topological similitude of automorphisms and translations of com- 
pact commutative groups, Uspehi Mat. Nauk 18 (1963), no. 5 (113), 133-138. 

3. S. Bhattacharya, Higher order mixing and rigidity of algebraic ac- 
tions on compact abelian groups, Israel J. Math, (to appear), 
www . esi . ac . at /Preprint-shadows/ esill28 . html. 

4. , Orbit equivalence and topological conjugacy of affine actions on com- 
pact abelian groups, Monatsh. Math. 129 (2000), no. 2, 89-96. 



TOPOLOGICAL RIGIDITY ON CONNECTED GROUPS 



11 



5. S. Bhattacharya and K. Schmidt, Homodinic points and isomorphism rigidity 
of algebraic Z'^-actions on zero-dimensional compact abelian groups, Israel J. 
Math, (to appear), www.esi.ac.at/Preprint-shadows/esill27.html. 

6. D. R. Farkas and P. A. Linnell, Zero divisors in group rings: something old, 
something new, Representation theory, group rings, and coding theory. Con- 
temp. Math., vol. 93, Amer. Math. Soc, Providence, RI, 1989, pp. 155-166. 

7. G. L. Itzkowitz, The existence of homomorphisms in compact connected Abelian 
groups, Proc. Amer. Math. Soc. 19 (1968), 214-216. 

8. A. Katok, S. Katok, and K. Schmidt, Rigidity of measurable structure for 
U^-actions by automorphisms of a torus, Comment. Math. Helv. (to appear), 
www . esi . ac. at/Preprint-shadows/esi850 . html. 

9. B. Kitchens and K. Schmidt, Automorphisms of compact groups, Ergodic The- 
ory Dynam. Systems 9 (1989), no. 4, 691-735. 

10. , Isomorphism rigidity of irreducible algebraic TJ^ -actions. Invent. Math. 

142 (2000), no. 3, 559-577. 

11. D. Lind, K. Schmidt, and T. Ward, Mahler measure and entropy for commuting 
automorphism,s of compact groups. Invent. Math. 101 (1990), no. 3, 593-629. 

12. D. A. Lind, Ergodic automorphisms of the infinite torus are Bernoulli, Israel J. 
Math. 17 (1974), 162-168. 

13. D. J. Rudolph and K. Schmidt, Almost block independence and Bernoullicity 
of U^- actions by automorphisms of compact abelian groups. Invent. Math. 120 
(1995), no. 3, 455-488. 

14. K. Schmidt, Dynamical systems of algebraic origin, Progress in Mathematics, 
vol. 128, Birkhauser Verlag, Basel, 1995. 

15. E. R. van Kampen, On almost periodic functions of constant absolute value, J. 
London Math. Soc. 12 (1937), 3-6. 

16. P. Walters, Topological conjugacy of affine transformations of compact abelian 
groups. Trans. Amer. Math. Soc. 140 (1969), 95-107. 

17. T. Ward, Almost block independence for the three dot 1? dynamical system, 
Israel J. Math. 76 (1991), no. 1-2, 237-256. 

SB: School of Mathematics, Tata Institute of Fundamental Re- 
search, Bombay 400005, India 

E-mail address: siddhartOmath. tif r . res . in 

TW: School of Mathematics, University of East Anglia, Norwich 
NR4 7TJ, England 

E-mail address : t . wardOuea .ac.uk 



